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£— i ■ Abstract 

!z: : 

*~[ , Let e be a fixed positive quantity, m be a large integer, Xj denote 

-^ integer variables. We prove that for any positive integers N\,N2,N% 

with AqA 2 A 3 > m 1+£ , the set 

{X1X2X3 (mod m) : Xj € [1, Aj] } 

m 

J> ■ contains almost all the residue classes modulo m (i.e., its cardinality 

is equal to m + o(rn)). We further show that if m is cubefree, then for 
-f-, I any positive integers Ai, A2, A3, A4 with A1A2A3A4 > m 1+e , the set 

-^ \ {X1X2X3X4 (mod m) : Xj G [1, Ajj } 

o, 

OO , also contains almost all the residue classes modulo m. 

Let p be a large prime parameter and let p > A > p 63 / 76 + e . "We 
prove that for any nonzero integer constant k and any integer A ^ 
k> I (mod p) the congruence 

b ! 

PlP2(P3 + fe) = A (mod p) 
admits (1 + o(l))7r(A) 3 /p solutions in prime numbers Pi,P2,P3 < A. 
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1 Introduction 

In our works [HI [7] we applied large value results of character sums to a con- 
crete multiplicative ternary congruence and by this mean improved one of the 
results of Friedlander and Shparlinski [5j. In the present paper we examine 
those arguments in application to some other multiplicative congruences. 

Everywhere below e denotes a small fixed positive quantity, m is a large 
integer parameter. 

Theorem 1. Let Ni,N2,N% be positive integers with 

N 1 N 2 N 3 > m 1+£ . 

Then for some 5 = 5(e) > we have 

#{ XiX 2 x 3 (mod m) : Xj G [1,A^]} = m + 0{m 1 ^ 5 ). 

In the statement of Theorem [1] the condition N1N2N3 > m 1+£ can not 
be relaxed to N1N2N3 > Cm, no matter how large the constant C is. We 
also note that if m = qn, where q is a prime number approximately several 
times bigger than n^ 1+£ ^^ 2 ~ £ \ then q > rn^ 1+£ ^ 3 and hence non of the n 
numbers q, 2q, . . . ,nq can be represented in the form £1X2X3 (mod m) with 
Xj < m^ 1+£ ^ 3 . In particular the exponent of m inside of the O-symbol can 
not be replaced by a constant smaller than (2 — e)/3. 

It is known [8J that the set 

•A.2 '■= {^1^2 (mod m) : £i,X2 £ [l,m 1 ' 2+e ] } 

contains almost all the elements of the residue ring Z m . Theorem [1] implies 
that the set 

A3 := {X1X2X3 (mod m) : Xi,x 2 ,x 3 G [l,m 1 ' 3+£ ] } 

also contains almost all the elements of Z m . Another consequence of The- 
orem [H is that for any sufficiently large integer m, any invertible element 
A G Z^ can be represented in the form 

A = £1X2X3X4X5X6 (mod m) 
for some positive integers xi, Xo, . . . , x« with max x» < m l l 3+£ . 

l<i<6 

Theorem 2. Let m be cubefree, Ni, N2, N3, N4 be positive integers with 

N 1 N 2 N 3 N 4 > m 1+£ . 
Then for some 5 = 5(e) > we have 

#1x1X2X3X4 (mod m) : Xj G [1, AT,-] } = m + 0(m l ~ ). 



In particular, for cubefree m the set 

A± := {£1X2X3X4 (mod m) : Xi,x 2 ,x 3 ,X4 G [l,m 1 ' 4+e ] } 

contains almost all the elements of Z m and also contains almost all the el- 
ements of Z^j. This implies that, for any sufficiently large integer m, any 
element A G Zj^ is representable in the form 



A = X1X2X3X4X5X6X7X8 (mod m) 
for some positive integers Xi.Xo, • • • ,xs with max x* < m l / 4+£ . It would be 

l<i<8 

interesting to reduce the number of variables in the latter statement to 7. 

Theorem 3. Let p be a large prime parameter, k be a nonzero integer con- 
stant and A be an integer coprime to p. If p > N > p 63 / 76+£ then the congru- 
ence 

P1P2G03 + k) = A (mod p) 

has (1 + o(l))n(N) 3 /p solutions in primes Pi,P2,P3 < N. 

Theorem [H] quantitatively complements Theorem 6 from the work of Fried- 
lander, Kurlberg and Shparlinski |IJ. 

In what follows, the letters e', e", e'", E\ are used to denote some positive 
fixed quantities chosen in obvious ways. The letters Xj, jjj, Uj, t denote integer 
numbers. 



2 Character sum estimates 

In the proofs of Theorems [HE] we will use well-known character sum estimates 
of Burgess [HE]: if iV > ■m 1 / 3+e then there exists 5 = 5(e) > such that for 
any nonprincipal character \ (mod m) we have 



x<N 



< Nm~ s . 



In the case when m is cubefree, the condition iV > rn l ^ +£ can be relaxed to 

N > m l/4+ £ _ 

To prove Theorem [3] we shall use Vinogradov's bound on character sums 
over shifted primes. Let k be a fixed nonzero integer constant, \ be a non- 
principal character modulo p. Then Vinogradov's work [15J implies that in 
the range 1 < N < p one has 



J2 xtf + fc ) 

p'<N 



< P 1 /4 iV 2/3 ) 



where p' denotes prime numbers. Here and below, we use the notation L ;$ M 
to indicate that for any fixed e > there exists a constant c = c(e) such that 
L < cMp 6 (or L < cMm £ in the proofs of Theorems [H [2]) . 

The bound (CD) is nontrivial when iV > p 3 / 4 + e . We mention that Karat- 
suba's work [T2] implies a nontrivial bound in the wider range N > p l / 2 + £ . 
Since we deal with larger values of N, the estimate (pQ) will be more profitable. 

3 Large values of character sums 

Having character sum estimates under hands, one can apply Karatsuba's 
method from [13] to derive a variety of results on solvability of multiplicative 
ternary congruences and find asymptotic formulas for the number of their 
solutions. Our theorems, however, can not be obtained from the direct ap- 
plication of Karatsuba's method combined with Burgess' and Vinogradov's 
character sum estimates. One main ingredient in our proofs is Huxley's refine- 
ment of the Halasz-Montgomery method for large value results of Dirichlet 
polynomials. Our present application of this theory can be compared with 
Lemma 4 of Friedlander and Iwaniec [3] . For our purposes it suffices the fol- 
lowing simplest form of it. Let a n be numbers with \a n \ J$ 1, let < V < iV 
and let R be the number of characters \ (mod p) for which 



27V 
n=N+l 



>V. 



Then Huxley's refinement implies that 



iV 2 pN A 

see Mongomery [14], Huxley [H], Huxley and Jutila [TU], Jutila [TTj . 

The estimate (J2J) will be used in the proof of Theorem [31 A suitable 
version of it can also be used to prove Theorems [H, [2J but in this case we can 
present the proof in a relatively more elementary language, so that it will be 
more self-contained. 



4 Proof of Theorem H 

It suffices to prove the following lemma: 

Lemma 1. Let N1N2N3 > m l+£ . Then there are only 0{m 1 ^ 61 ) elements 
A G 1? m such that 

A ^ {xiX22;3 (mod m) : Xj G [1, Nj]}. 



Indeed, assume that Lemma [T] is proved and we show how to derive The- 
orem [T] from this lemma. 

In the condition of Theorem [T] we can assume that N\ > m^ 1+£ ^' 3 . Denote 
by TC the set of all elements A G Z m such that 

A ^ {xiX 2 x 3 (mod m) : Xj G [1, Nj]}. 

For a given divisor d\m, let TCd be the set of all elements of TC such that 
(h,m) = d for any h G TCd- Since |7id| < m/d, we have 

1^1 = E 1^1 = E 1^1 + E m / rf = E 1^1 + ^(m 1 - - 52 '), (3) 

d\m d\m d\m d\m 

d<m s d>m e d<m e 

where e' = O.le say. We estimate TCd for d < m £ . By the definition, 

TCd = { dx (mod m) : x G Bd} for some Ed C Z^ d . 

Since 

7irf fl {xiX 2 x 3 (mod m) : Xj G [1, iVj]} = 0, 

taking xi = dyi, yi G [1, Ni/d] we get that 

-Bd H {xix 2 x 3 (mod (m/rf)) : Xi G [1, iVi/d], x 2 G [1, N 2 ], x 3 G [1, A^ 3 ]} = 0. 

Since £> d C Z* m/d and (N 1 /d)N 2 N 3 > (m/d) 1+0 - 5e , we can apply Lemma [□ 
with m replaced by m/d and N\ replaced by [N\/d] and deduce that 

\U d \ = \B d \ = 0{m x - s "), e" > 0. 

Incorporating this into @, we conclude that 

\H\ = 0(m 1 - £ '"), s'" > 0. 

Thus, it suffices to prove Lemma [U We can assume that m aie < Nj < m 
for all j. Indeed, if say N\ < m 01e , then N 2 N% > rn 1+0 ' 9£ and we simply can 
take X\ = 1 and look for x 2 = y^y 2 with y\,y 2 G [1, N 2 ]. 

Substituting x\ — > ux\ and manipulating with e it suffices to show that 
if NiN 2 N s > m 1+£ then for some E\ > 0, 

#{uxix 2 X3 (mod m) : u G [1, U], Xj G [1, iVj]} = m + 0(m 1_ei ), 

where C/ = [m 1 /™], n = [10/e]. We can assume that N± > m^ 1+e ^ 3 . From the 
Burgess character sum estimate, there exists a positive quantity S = 5(e) > 
such that 



E *( xi > 

xi<iVi 



< A^m" 5 . (4) 



Let 7i be the set of all elements of 7j* m such that for each h G 7i the 
congruence 

h = UX1X2X3 (mod m), 116 [1, U], Xj G [1, Nj] 
is not solvable. Therefore, since (h,m) = 1, we have 

YY Y Y Y Y X(ux 1 x 2 x 3 )x(h) = 0. 

X u<U xi<Ni x 2 <N 2 x 3 <N 3 h€H 

Separating the term corresponding to the principal character \ — Xo> we get 
that 






£*( 

u<U 



Y X(xix,xs) 



£*(*) 



hen 



(5) 



Here we used the fact that the intervals [1, U] and [1, Nj] contain accordingly 
Um ^ 1 ' and Njin ^ numbers coprime to m (consider, for example, the primes 
of these intervals that are not divisors of m) . 

The set of nonprincipal characters \ (mod m) we split into two subsets: 



A := { x (mod m) 



B := { x (mod m) : 



Y x ^ 

u<U 


> Um- 5/4n }, 


Y x ^ 

u<U 


< Um- s/4n }. 



It follows that 



\A\U 2n m- & / 2 1 y^ 



(p(m) 



(p(m) 



u<U 



U 



2/i 



(6) 



The right hand side of this inequality is not greater than the number of 
solutions of the congruence 

uiu 2 ■ ■ ■ u n = u n+ iu n+2 ■ ■ ■ u 2n (mod m), Uje[l,U]. 
In view of U n < m, this congruence implies the equality 

U X U 2 ■■■U n = U n+ iU n+2 ■ ■ ■ U 2 „. 

Since any positive integer x has x°^ divisors, the number of solutions of this 
equation is JJ n+0 ^ 1 ' . Thus, from ([6]) it follows that 



\A\U 2n m- 5 ' 2 



<U n . 



m 



Since U n ~ m, we get that 

l*4| £ rn 5 / 2 . 

Therefore, applying Burgess bound to the sum over x±, we obtain that 



E 

xeA 



E 



XW 



XI ^1) 



zi<iVi 



E *(X2) 



x 2 <N 2 



Y *( x ^ 

x 3 <N a 



£*(*) 



fteH 



< 



< m s/2 UN im - s N 2 N 3 \n\ < m- 6/2 UN 1 N 2 N 3 \n\. 



Inserting this into the inequality (J5J), we see that the sum over x^i never 
dominates, and we therefore get 



UN 1 N 2 N 3 \H\ £ Y 
x&b 



Y x ^ 

u<U 



Y *( xi 



x 2 x 3) 



X!,X 2 ,X 3 



£*(*) 



hen 



The sum over u we estimate in accordance with the definition of the set B. 
This implies, after cancelation by U, 



NtNzNslHl £m- s/4n Y 

X6B 



E x( 



XlX 2 X 3j 



Xl,X 2 ,X 3 



E 

hen 



X{h) 



Now extending the summation over \ G B to the set of all characters \ 
(mod m) and then applying the Cauchy-Schwarz inequality, we deduce 



E 

xeB 
< 



Y X(xix 2 x 3 ) 

X\,X 2 ,XZ 



£*(*) 



hen 



< 



E 



Y x(xiX 2 x 3 ) 



1/2 



E 



E *c>) 



ftew 



1/2 



< \JmIm\H\ 



(7) 



where / is the number of solutions of the congruence 

xix 2 x 3 = yiy 2 y 3 (mod m), Xj,yj G [l,Nj]. 

Thus, 

iViiV 2 ^3|W| ^ m-^^v/m/ml^l. (8) 

Now we write the congruence ([7]) as the equation 

x x x 2 x 3 = yty 2 y 3 + mt, Xj, y^ G [1, Nj], \t\ < N 1 N 2 N 3 /m 

and observe that if we fix the quadruple (yi,y2,y3,t) with t > 0, then this 
equation will have m°^ x ' solutions in variables xi,x 2 ,x 3 . Since N\N 2 N 3 > 



m 1+£ , there are less than 2(NiN2N 3 ) 2 m x collections of such quadruples. 
Therefore, 

/ < (NxNzNtfrrC 1 . 

Plugging this into (jHJ), we obtain 



\n\ <m- & i in ^m\n\. 

This implies \H\ ;$ m, 1 - 5 / 2 " anc [ finishes the proof of Theorem [TJ 



5 Proof of Theorem [2 



The proof is the same as the one of Theorem [TJ where Lemma [T] should be 
replaced with the following one: 

Lemma 2. Let N1N2N3N4 > m l+£ . Then there are only 0(m}~ ei ) elements 
A G Z,* m such that 

A ^ {£1X2X3X4 (mod m) : Xj G [1, iVj]}. 

The proof of Lemma [5] follows the same lines as the proof of Lemma HJ 
Here one uses Burgess' character sum estimate over the interval of length 
N\ > m( 1+£ )/ 4 (such an estimate is guaranteed by the fact that m is cubefree). 



6 Proof of Theorem [3 



We assume that e is as small positive quantity as we need below. Let J be 
the number of solutions of the congruence 

P1P2G93 + *0 = A (modp), Pi,P2,P3< N. 

Expressing J via character sum estimates and separating the contribution 
from the principal character we get, for some 5' > 0, that 



where 



J=(l + 0(p~ 5 ')) ^ '- + Error, 
\Error\ «C - J^ J^ x(Pi)\ | ^2 X ^ P3 + k ^> 

X+XO Pi<N P3<N 



We can split the interval of summation over p\ into subintervals of the form 
(iVi, N[], where Ni < N[ < 2Ni < 2N. Then decomposing into level sets, we 
get 



\Error\ < - RV?V 2 (\og q) 3 , 
V 

where R is the number of non-principal characters x f° r which 
If Vi < pwNT2 +om£ , then from © we get 



(9) 



\Error\ ^ 



p p 



pl6JVl2~ 



Since 

X 

we get that 



Y *(pi; 

pi~JVi 



<pJVi, RV 2 2 <J2 



Y *(p^ 

p 3 <N 



<pN, 



\Error\ < Np 5 / m N 5 / 12+0 



Ole 



and thus Error = o(7r(N) 3 /p). 

If Vi > pie A^T2 +0 ' 01e , then in ([9]) we apply Vinogradov's bound (JTJ) to get 



I Error I ^ 



*% 2 „i 



P 



P 



74^2/3 _ 



Then we use the large values estimate ([2]) to bound RV 2 

RV? < tp + an < p Ni 

n - V i ^ ly r yi » p 5/4+0.04 £ jy5/3 ' 

The result now follows. 



7 Remarks 

Theorems [H [5] can be included into a more general statement. For instance, 
let k be fixed, N±, N 2 , . . . , N k be positive integers such that Ni > m 1 / 3+£ and 
NiN 2 ■ ■ ■ N k > m 1+e . Then the set 



{ X1X2 ■ ■ -Xk (mod m) : Xj <E [1, Nj] } 



contains all, but 0{m}~ 5 ) elements of Z m . In case of cubefree m the condition 
Ni > m 1//3+£ can be replaced by N\ > m 1//4+£ . 

We can state Theorem [3] in the following form. Let 0<a<l, 0</3<l 
be fixed nonnegative real numbers. Define 

r a 5 + a 

Let p > N > p e+£ and let for any nonprincipal character x (mod p) we have 

S N < p a N?. 

Then the congruence 

PiP2(P3 + k) = \ (mod p) 

has (1 + o(l))ir(N) 3 /p solutions in primes Pi,P2,P3 < N. The proof is the 
same as the proof of Theorem [3] (one considers the cases V± < p~^N~ i-o.oie 
and Vx > p^N^ l+om£ ). In view of (CD) the pair (a, (3) = (1/4,2/3) is 
acceptable, which produces 6 = 63/76. It would be interesting to obtain 
pairs (a, (3) which would improve our exponent 63/76. 

References 

[1] D. A. Burgess, On character sums and L-series. II, Proc. London Math. 
Soc. (3) 13 (1963), 524-536. 

[2] D. A. Burgess, The character sum estimate with r = 3, J. London Math. 
Soc. (2) 33 (1986), 219-226. 

[3] J. B. Friedlander and H. Iwaniec, The divisor problem for arithmetic 
progressions, Acta Arith. 45 (1985), 273-277. 

[4] J. B. Friedlander, P. Kurlberg and I. E. Shparlinski, Products in residue 
classes, arXiv.0708.1562vl [math.NT] 11 Aug 2007. 

[5] J. B. Friedlander and I. E. Shparlinski, Least totient in a residue class, 
Bull. London Math. Soc. 39 (2007), 425-432. 

[6] M. Z. Garaev, A note on the least totient of a residue class, 
larXiv:0711.2"240l 14 Nov 2007 (vl), revised 19 Nov 2007 (v2). 

[7] M. Z. Garaev, A note on the least totient of a residue class, Quart. J. 
Math. (2008) doi:10.1093/qmath/han005 . 

10 



[8] M. Z. Garaev and A. A. Karatsuba, The representation of residue classes 
by products of small integers, Proc. Edin. Math. Soc. 50 (2007), 363-375. 

[9] M. N. Huxley, Large values of Dirichlet polynomials, III. Acta Arith. 26 
(1975), 435-444. 

[10] M. N. Huxley and M. Jutila, Large values of Dirichlet polynomials, IV. 
Acta Arith. 32 (1977), 297-312. 

[11] M. Jutila, Zero-density estimates for L— functions, Acta Arith. 32 
(1977), 55-62. 

[12] A. A. Karatsuba, Sums of characters with prime numbers, Izv. Akad. 
Nauk. SSSR, Ser. Mat. 34 (1970), 299-321 (in Russian). English trans- 
lation in: Soviet Math. Dokl. 11 (1970), 135-137. 

[13] A. A. Karatsuba, The distribution of products of shifted prime numbers 
in arithmetic progressions, Dokl. Akad. Nauk SSSR 192 (1970), 724- 
727 (in Russian ). English translation in: Soviet Math. Dokl. 11 (1970), 
701-711. 

[14] H. L. Montgomery, Mean and large values of Dirichlet polynomials, In- 
vent. Math. 8 (1969), 334-345. 

[15] I. M. Vinogradov, An estimate for a certain sum extended over the 
primes of an arithmetic progression, Izv. Akad. Nauk SSSR Ser. Mat. 
30 (1966), 481-496 (in Russian). 



11 



